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[ Abstract 

We characterise the boundedness of a Toeplitz operator on the 
Bergman space with a L 1 symbol. We also prove that the compact- 
ness of a Toeplitz operator on the Bergman space with a L 1 symbol is 
■ completely determined by the boundary behaviour of its Berezin trans- 

, form. This result extends known results in the cases when the symbol 

• is either a positive L 1 function, an L°° function or a general BMO 1 

^3 ' function. 

■ 

1 Introduction. 

Toeplitz operators are one of the most widely studied classes of concrete 
operators. The study of their behaviour on Hardy and Bergman spaces 
has generated an extensive list of results in operator theory and function 
£\j ■ theory. One of the latest approaches in this area is the use of the Berezin 

qq \ transform as a determining factor of the behaviour of Toeplitz operators (see 

m.imizi,®)- 

Let dX denote the Lebesgue area measure on the unit disk A, normalized 
so that A(A) = 1. For < p < oo, the Bergman space L^(A) is the subspace 
of L p (A,dX) consisting of functions analytic on the unit disk A. Let P be 
the Ber gman projection from L 2 (A,dX) onto L 2 (A) defined by 



(Pg)(z) = / g(w)K z (w)dX(w) 



A 



where K z (w) = jjz^pp is the Bergman reproducing kernel. The normalized 

Bergman kernel is k z (w) = 7jz^w- For a function / in L 1 (A,ciA), the 
Toeplitz operator Tf on L^(A) is defined by 

T f g = P(fg). 
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Indeed, since the Bergman projection can be extended to L 1 (A, dX), the op- 
erator Tf is well defined on H°°(A), the space of bounded analytic functions 
on A, which is dense in L^(A). Hence, Tf is always densely defined on L^(A). 
Also, since P is not bounded on L 1 (A, dX), Tf can be in general unbounded. 
Our first result characterises boundedness of Tf with / G L 1 (A,dX). Pre- 
cisely we have the following: 

Theorem 1 Let f G L 1 (A,dX). Then Tf extends to a bounded operator on 
L 2 a {A) if and only if 

sup \\Tf o (^ 2 1||2 < oo and sup \\Tj o y^l]^ < °°- 
zeA zeA 1 

For an operator A on L 2 (A), the Berezin transform of A is the function 
A on A defined by 

A(z) = (Ak z ,k z ). 

Here, and elsewhere in this paper, the inner product (, ) and the norm ||||2 
are taken in the space L 2 (A,dX). If A is bounded on L 2 (A), then A is a 
bounded function. Since the kernel k z converges weakly to zero in L 2 (A) as 
z approaches the unit circle dA, we have that if A is compact, then A(z) — * 
in Lq(A) as z — ► dA. The converse in both cases is not necessarily true, see 
N. Zorboska [8J for some counterexamples. To simplify the notation, for / 
in L 1 (A,dA), the Berezin Transform Tf of Tf will be denoted / and will be 
called Berezin transform of /. In other words, 

f( z ) = ff(z)= { f(w)\k z (w)\ 2 dX(w). 
J A 

However, we are going to show the converse result when A is a Toeplitz 
result T f , f £ L 1 (A,dA). Precisely we prove the following result: 

Theorem 2 Let f £ L 1 (A,dX). Suppose that Tf bounded on L„(A) and 
that f{z) ^0 as z — > dA. Then Tf is a compact operator on L^(A). 

This theorem extends known results in the cases when the symbol is 
either a positive L 1 function, an L°° function or a general BMO 1 function 
earlier proved respectively by K. Zhu [7J, S. Axler and D. Zheng pQ and 
N. Zorboska [8]. An attempt to prove this theorem was undertaken by N. 
Zorboska [8]. She proved the following theorem: 

Theorem 3 Let f G L 1 (A,dX) be such that Tf is bounded on L^(A) and 
that 

sup \\Tf o yj z l|| p < oo and sup \\Tj o < oo 

zeA zgA ' 

for some p > 3. Suppose that f{z) — > as z — > dA. Then Tf is a compact 
operator on L„(A). 
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At the end of her paper, N. Zorboska posed the question of extending 
the latter theorem with the condition p > 3 replaced by p > 2. By the way, 
quite recently, Miao and Zheng[5] have shown that the number p cannot 
be improved in general for all bounded operators on L\. Of course, our 
theorem solves Zorboska's problem. Our methods of proof are adapted from 
methods used in both in pQ and [8] which we combine with a result due to 
D. Luecking [3J. 

2 Useful concepts. 

For z G A, let ip x be the analytic map of A onto A defined by 



A simple calculation shows that ip z o ip z is the identity function on A. 
For z£A, let U z : L 2 a (IS) — > L 2 (A) be the unitary operator defined by 



Then U z is a self-adjoint unitary operator. In particular, for g G L? a then 

ll^w^lb = \\gh- 

We shall use the following lemma: 
Lemma 1 For f in L 1 (A,<iA), ifTt bounded on L^(A), then 



Lemma 2 Let f G L X (A) and h G L„(A). Then 

1. (T f K z )(u) = K z {u)P(f o ip z )(ip z {u); 

2. (TpQ(u) = (T f K u ){z); 

3. (T f h)(v) = J A h(u)(T f K u )(v)d\(u) 

4. T* f h = Tjh ifT f is bounded on L 2 a (A).; 

Proof. 1. For / G L 1 (A,dA), we have 



U z f = (/ o ip z )<p' z . 



U z TfU z — Tf 0lf>z . 



Proof. Direct calculation. 



The next lemma will also be useful: 
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which is equal to 

/ f(<p g (v))K z (<p g (v))K u {<p z (v))\k g (v)\ 2 d\(v), 
J A 

by making the change of variable w = <p z (v). Also, 



K z {ip z {v))k z {v) = — -2 (1) 



and 



Ku(<Pz(v))k z (v) = K [pz ^(v)k z (u). 

Thus, 

(T f K z )(u) = I (/ o v z )(v)—^K Vx{u) {v)k s {u) dA(v) 
= K z (u)P(fotp g ){<p z (u)). 

2. We have: 



(TjK z )(u) = (TjK z ,K u ) 
= (fK z ,K u ) 



= {Jj{w)K z (w)K w {u)dA{w) 

= I f(w)K u (w)K w (z)dA(w) = (T f K u )(z). 
J A 

3. Since h 6 L 2 (A) we have 



^ h(u)(TfK u )(v) dX(u) = J^h(u)^Jj(z)K u (z)K z (v)dX(v)jdX(u) 

Jj(z)K z {v) (J h(u)K u (z)d\(u)j dX(z) 
f(z)h(z)K z (v)dX(z) = (Tfh)(v). 



4. If Tf is bounded on L 2 , then Tj? is also bounded on L 2 . So for 
h € L 2 , we have 

(T* f h)(z) = (Tjh,K z ) = (h,T f K z ) = (h,fK z ) = Tjh(z). 



Let z,w € A. Then the Bergman metric B(z,w) is given by 

i ji + ^hi 
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For z £ A and 5 > we define 



D(z,5) = {w G A : flfou;) < 5}. 

Then D(z, S) is a Euclidean disk with centre C and radius R given by 

1 - s 2 n 1 - \z\ 2 , e 5 - e" 15 

^ = », rrr -g, -K = „, ,» s where s = — E r = tanho. 

l-s 2 |z| 2 l-s 2 |z| 2 e^ + e" 5 

We will denote the normalized Lebesgue area measure of D(z, 5) by X(D(z, 5)). 

Our next lemma is an application of a result by D. Luecking[3j which 
gives a necessary and sufficient condition for a positive Borel measure p on 
A to satisfy the following property: the Bergman space L„(A, dX), the space 
of analytic function is L p (A,dX), is embedded in L q (A,d/i) for p > q > 0. 
Precisely, Luecking's result is the following: 

Theorem 4 Suppose < 5 < \ and < q < p. Define the function , k(w) : = 
A(D(^jjj > the estimate 

/j/lV)* <c(J A \f\ p dXy for all /€Lg(A,A) 



holds if and only ifk is in L s (A,dX), where - + - = 1. Moreover, C = c\\ 



From now on, we shall keep 5 fixed and we shall write D(z) instead of 
D(z,S), for z € A. Furthermore, for e > 0, define an operator S by 

(Sf)(z) = f \f(v)\ - 1 1 ] W -i dX ^- ( 2 ) 

Ja i — p| z l — \v\ z (l — I^^C^ 7 )! ) 



Lemma 3 Let p > 1 and < e < ^ where p' is the conjugate exponent of 
p. Then there exist a constant C = C(p,e) such that for all f £ L 1 (A), the 
following estimate holds: 



\Sf(z)\<C(K z (z)Y UJl! „ 
Proof. Let 



d^{v) = - r-|2- r-raTT j — . dX(v) 

1 — \Z\ Z 1 — \V\ Z (1 — \<Pz{V)\ ) 



Then 



n{D(w)) = / j-j^- j-j^y- : — - N, 2 x 2e _i rfA(v) 



c 

< 



(i - \z\ 2 ){i - M 2 )(i - |^ 2 H| 2 ) 2 ^- lA(jD(u;)) ' 
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The last equation comes from the fact that 

1 _{l-\w\ 2 ) 1 \l-zv\ 2 1 \l-zv\ 2 

(i-|<^)l 2 ) " (l-M 2 ) (i-|^H| 2 )|i-^| 2 - (i-|y z HI 2 )|i-^| 2 

since v G D(w). Also, for v G D(w) we have 

|1 — zv\ < |1 — zw\ + \ w — v\ < |1 — zw\ + C(l — \w\ 2 ). 
This shows that 



1 - zv\ 2 



< C 



Next, if k(w) = then 



k{w) < 



1 — zw\ 2 

\{D{w) 

c \i-zw\ 2{2t ~ 1] 



(1 - \z\ 2 ){\ - \w\ 2 ) (1 - |w| 2 ) 2e " 1 (l - \z\ 2 ) 



< ~ = ^ K (zY 

- (l- n 2 ) 2e (i- \z\ 2 ) 2e (i - M 2 ) 2e ' 

Furthermore, we see that k belongs to L p '(A,d\) if < e < ^7. Thus by 
Luecking[3], there exists a constant C = C(p, e) > such that 



i/id M <cn/m^(*)) 2e 

A 



which proves our lemma. 



Remark 1 For e > let g(v) = (K v (v)) e . Then for all h G L 1 (A, dA) and 
all u G A, the following identity is true: 



\K u (v)P(h o ^ tt )( V «(«))| 5 (u)dA = (S(P{h o p u ))(u) 
where the operator S was defined in 



Proof. The change of variable v = ^> u {w) in the left hand side integral yields 
that it is equal to 

\P(h O ip u ){w)\- —r^j- ! J xi 2 N2e-l dX (w)- 

(1 - |ur)(i - \w\ z ) (1 - \(pu{w)\ ) 



Here we used (HJ. 
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3 Proof of Theorem [T] 

Let / E L 1 (A), h E L„(A) and u E A. Then by Lemma [2] assertion 3 we 
have that 

(T f h)(v)= [ h{u){T f K u ){v)dA{u) 
J A 

which implies that Tf is an integral operator with kernel (TfK u )(v). By 
Schur's lemma, if there exist a positive measurable function g on A and 
constants c\ , c 2 such that 

/ \(T f K u )(v)\g(v) 2 dX(v)<c ig (uf (3) 
J A 

for all u E A and 

/ \{T f K u ){v)\g{uf d\(u) < c 2 g(v) 2 (4) 
J A 

for all v E A, then Ty is bounded on l? a and < Jc\Ci. 

For e > 0, take ^(v) 2 = (K v (v)) € . Then assertion 1 of Lemma [2] implies 
that the left hand side of © is equal to 

/ \K u {v)P{foy u )(v u {v))\g(yfd\(v). (5) 
J A 

According to (|5]) and Remark [H the left hand side of ([3]) can be written as 

(S(P(fco ¥,„))(«). 

Now for < e < | we obtain from Lemma [3] that there exists a constant 
C > such that 

(S(P(f o <p u ))( u ) < C\\P(f o ^ u )\\ 2 (K u (u)Y 

< Csup||P(/o^ M )|| 2 (K u (n)) e . 

This gives estimate [3] with c\ = C sup ugA \\P(f fu)\\2- 

Let us next prove the estimate in @ . We use assertion 2 of Lemma 
to get that the left hand side of is at most 

J \TjK v )(u)\g(u) d\(u) = \K v (u)P(fo <p v )(<p v (u))\g(u) d\(u) 

= S(P(focP v ))(v). 

If < e < i, then Lemma [3] implies there exists a constant C > such that 
SP(?o<p v )(v) < Csup \\P(? o <p v )\\ 2 g(v). 

v£A 
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This gives estimate (jlj) with ci = C sup 1 , eA ° v^-u ) 1 1 2 - 
Thus by Schur's Lemma Tf is bounded on L 2 (A). 

Conversely, if Tf is bounded we have using Lemma [T] 

sup [|T/ 0V , S 1||2 = sup \U z TfU z l\\2 = sup ||r/C7 z l||2 < \\Tf\\ 2 < 00. 
zeA zgA zgA 

Since Ty bounded implies Tf is bounded this also shows in a similar manner 
that sup 2gA II^Jomj. 1 1 1 2 is finite. 

4 Compactness of 7), / 6 L 1 ^) 

We start by presenting some necessary results that will be useful in our 
prove of the main theorem in this section. 

Theorem 5 Let Abe a bounded operator on L 2 (A) and let U z be the unitary 
operator on L 2 (A). Then the property A(z) — > as z — > <9A implies that 
U z AU z l -> wea% in £ 2 (A) as z ^ dA. 

Proof. We shall represent the operator U Z AU Z simply by A z . To prove 
this result, it suffices to show that (A z l,w p ) — > as z —* 5 A for any non- 
negative integer p. 

Firstly, we have that yl o ip z = A z . Indeed, For w G A, we have 
^■z^) = (^-z^ui) fcui) = (AU z k w ,U z k w ) . 

Also, since 

(1 — t>(/? 2 (tt>)) 2 (l — 2!«) 2 

we see that 

(AU z k w ,U z k w ) = (Akp^^jkp^^). 

We shall also make use of the power series representation of the normalised 
Bergman kernel, precisely 

00 

k z (w) = (1- \z\ 2 ) ^(m + l)z"V\ (6) 

m=0 

For z G A we have 

2(z) = (1 - |z| 2 ) 2 ^ (m + l)(n + l)(^u» m ,u; n )z m z n (7) 

m,n=0 

by first multiplying both sides ([6]) by A and then take the inner product 
with k z . Thus we have immediately that 

00 

A z (v) = (1 - H 2 ) 2 ^ (m + l)(n+l)(^w m ,w n )U m w n (8) 

m,n=0 
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Fix r G (0, 1) and multiply both sides (JHj) by and integrate over rA 

to obtain 

/ TTTW ^W = £ (m+l)(n + l)(^u;"> n > / « m+ "/ dA(«) 



m,n=0 
oo 



5^ (m + l)(^<u; m , w m+p )r 2m+2p+2 



m=0 

oo 

= r 2p+2 ((^l,u; p ) + ^(m + l)(^u; m ,u; m+p )r 2m ). 

m=l 

We also have that for all uu G A kept fixed, (p z (w) — * dA as z — > dA, 
thus A(ip z (w)) —* as z — ► 9A. Letting # — ► (9A, the left side of the 
equation above tends to 0, since the integrand is bounded by n^sp which 
is independent of v and z which justifies the passage of the limit. Dividing 
the right side of the equation by r 2p+2 we conclude that 



w m \\\\w m+p \\r 2m 



oo 2 

r 



(A z l, w p ) + ( m + l )( A z wm , w m+p )r 2m -» 

m=l 

as z — ► (9A for each r G (0, 1). Note that 

oo oo 

I Y{m + l){A z w m ,w m+p )r 2m \ < ^(m + l)\\A 

m=l m=l 

oo 

< IIAII y r 2m = II A, 
Thus, given e > 0, we can choose r = r(e) G (0, 1) such that 

oo 

I Y / ( m + 1 )( A zW m ,w m+p )r 2m \ < | 

m=l 

for all z G A. Fix such an r then there exist R G (0, 1) such that for 
R < \z\ < 1, we have 



r 2 P+ 2, J rA (1-M 2 ) 2 2 

and hence 

1(4,1,^)1 <e. 



Theorem 6 Let f G L 1 (A). Suppose that 
1. Tf bounded on L 2 (A); 
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2. f(z) -> as z -> OA. 
Then \\T fotpz l\\ q -» as z -> <9A for 1 < q < 2. 

Proof. It follows from property 1 and Lemma[T]that sup 2gA ||J/ ^1||2 < 
oo. From Theorem [5J we see that T fotpz l -> weakly in L 2 (A) as z — ► <9A. 
Thus Tf <p z l — > uniformly on any compact subsets of A, e.g. on rA, r G 
(0, 1). First write: 

l|r/o V .l|||= /_|T /ov ,l(ti;)|*dA(ti;)+ / _|T /0 ^1H|^A( U ;). 

JrA J A/rA 

We next apply Holder's inequality to the second integral and we obtain: 
/ _\T foipz l(w)\«d\(w) < \f _\T foVz l(w)\ 2 d\(w)) 2 (1-r 2 )^ 

J A/rA [J A/rA J 

This yields the inequality: 

\\T fov M\l ^ LlT^Hi^AH + lir^iUKi-r 2 ) 2 ? 

JrA 

< f_\T foVz (w)\ q dA(w) + C(l-r 2 ) 2 -^ 

JrA 

where C = sup zgA ||3jo ^ljU < oo according to property 2. 

Now, given e > 0, choose r = r € G (0, 1) such that (7(1 — r 2 ) - ^ 1 < |. Fix 
such an r; then there exists i? = R(e) G (0, 1) such that for R < \z\ < 1, we 
have: 

f _\T foVz {w)\ 2 d\{w) < € -. 

JrA £ 

Hence, for all e > 0, there exists R = R(e) G (0, 1) such that R < \z\ < 1, 
we have: 

l|r/o V ,i|||<€. 

In other words, lim ||TV 0( „ l|| g = 0. 
z—*dA 

5 Proof of Theorem [2L 

Let /i G L 2 (A). Then for / G L X (A,A) such that T f is bounded on L 2 (A), 
we get: 

(T f h)(v) = (T f h,K v ) = (h,TjK v ). (9) 
But according to assertions 3 and 4 of Lemma El we have: 

(T}K v )(u) = T f K u {v). (10) 
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Substituting ([TO} in © gives: 

(T f h)(v) = J h{u){T*K v ){u) dX(u) = h(u)(T f K u )(v) d\(u). 

For r £ (0, 1), define an operator on L„(A) by 

(T [ f ] h)(v) = f_h(u)(T f K u )(v)d\(u). 

JrA 

Then Tf is an integral operator with kernel {TfK u ){v)x r -^{u)- This operator 
is a Hilbert Schmidt operator, since 

/ / \(T f K u )(v) X rA(u)\ 2 dX(v)dX(u) = [_[ \T f K u )(v)\ 2 dX(v)dX(u) 

= I -\\TfK u f dX{v) 

JrA 

which is finite since Tf is bounded on -^(A) and the last integral is over a 
compact set. This proves that r| r ' is a compact operator on L^(A). 

Furthermore, we only need to show that 

\\T f -T] rl || 2 -^Oasr^T 

where — T^\\ denotes the norm operator of Tf — Tf as an operator 
from L? a to itself. Now, for h € L 2 , we have 

(I) -Tf ] )h(v) = J^x Nr -E{u)h{u)(T f K u ){v)dX{u). 

This implies Tf — T^ extends to an integral operator on L 2 (A,dX) with 
kernel 

(T f K u )(v)x A/rA -(u). 

By Schur's lemma, if there exist a positive measurable function g on A and 
constants c\ , C2 such that 

J^\{TfK u ){v)x NrlL {u)\g(v)dX(v) <c ig (u) (11) 

for all u £ A and 

J^\(T f K u )(v)x A/r7£ (u)\g(u)dX(u) < c 2 g(v) (12) 
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for all v G A, then 



\T f -Tff <cic 2 . 



For e > 0, take = (^(w)) 6 . Then using the same argument as in the 
prove of Theorem [T] we see that the left hand side of (|lip can be written as 

X A /rA( U )( S ( P ( h ° 

Now for 1 < q < 2 and for < e < j-j where q' is the conjugate exponent 
of q, we obtain from Lemma [3] that there exists a constant C > such that 

XA/rSMOSW* ?«))(«) < C XA/r A(u)\\P(fo<p u )\\ q (K u ( U )y 

< a sup \\p(fo<p u )\\ q (K u (u)y. 

\u\>r 

This gives estimate (fTT]) with ci = C sup| n | >r \\P(f o </? u )|| g . 
Similarly we get that the left side of (I12p is atmost 



Csup \\P(f o (p v \\ 2 g(v). 

v<=A 



This gives estimate (fl~2]) with c 2 = C sup veA \\P(f o ¥>u|| 2 - 

Finally, since mm(2J,|) = 7^-7, the estimates (fTT]) and (fT2l) both for 
5(f) = (^(v)) 6 with e < 2^7. By Schur's lemma, we therefore get: 



|T f -T[ r] || 2 < Cl c 2 



where 



ci = C sup \\P(f o <p u )\\ q and c 2 = Csup ||P(/ o ip v \\ 2 . 
\u\>r u£A 

Since by Theorem 4, ci — > as r — > 1 and c 2 < 00, the conclusion 



\T f - T [ p\\ 2 aa r 1~ 



follows. 
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